which is the proportionality factor in the relation
arg K(ka) = ow. The shapes of the curves are
identical for the investigated bandwitiths 22f; an
increase in the bandwidth corresponds to an increase
in the slope of the sides of the envelope, i.e.,
greater approximation to a rectangular shape. The
calculations show that disparities between the shapes
of ¥(1) and X(1) set in when 24f is increased, and
the larger the value of 2f, the greater will be
- the disparities. They are obvicusly caused by
breakdown of the condition |K(ka, t,}.= const,
WH S W £ Wh- ’ e ' .

We note, finally, that the most commonly used
sonar characteristic of an object is the target
strength, which {s defined. by the relation TS =
10 log o/4v|p=; m» 4B; in the case of a reference
sphere of optimum radius agpt it is given on the
pasis of Eq. (6) by the expression o

18 =20 1g| K ((ketdops, £e)], dB. (9)

Comparative calculations of the target strengths
using Eq. (2) and the approximate expression (9)
for various values of (ka)opt, which are controlled
by f, and c(t), indicate that they agree ‘to within
hundredths of a decibel. A comparison of these
results with the data of Ref. 4, in which the target
strength of electrolytic copper spheres is calculated
for various Simrad EK400/38 sonar systems, shows
that they are practically identical: According to

the data of Ref. 4, TS = —33.6 + 0.1dB at f , =
38 kHz; according to the calculations in the present
study, TS = -33.4 dB.
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The modeling of mode interaction in an irregular waveguide by the parabolic equation method is discussed.
The results are compared with theoretical calculations for a simple model of the medium. The results of mode
interaction at the exit from the irregular section of the waveguide are plotted as a function of the phase
difference between the excitation coefficents at the entrance to the irregular section.

The main tool used to solve problems of sound
propagation in two-dimensionally inhomggeneous '
waveguides is the parabolic eguation (PE) method,
it lags behind the classical anaiytical methods of
normal modes and rays in visualization of the final
results and simplicity of their interpretation.

The objective of the present article is to find
a way to consolidate the universality of numerical
methods with the familiarity and clarity of analyti-
cal methods. This objective is achieved by calculat-
ing vertical profiles of the sound field in planar
two-dimensionally inhomogeneous waveguides accord-
ing to a program that implements the PE method
and then expanding the profiles in mode eigenfunc-
tions of comparison waveguides.

This computational scheme has the following
useful properties in contrast with direct application
of the PE method to calculate the sound field:
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First, a large number of important practical prob-
lems have been solved in the mode approximation
for plane-layered media; the proposed procedure
permits these results to be extended to the case
of an irregular waveguide (albeit in numerical form).
Second, several approximate methods have been
developed for the investigation of mode interaction
in ocean waveguides; the proposed procedure can
e used to determine how and under what condi-
tions mode interaction takes place when the adia-
batic approximation is valid, -ete.

Avilov's program, ' which implements a refined
wide-angle parabolic approximation, is used to calcu-
late the sound field. The eigenfunctions of the
comparison waveguides are calculated according to
the well-known program of Vagin end Mal'tsev.?

The field is expanded in complex-valued orthonormal
eigenfunctions yp(z) with allowance for waveguide

© 1990 American Institute of Physics




REMEN

Lo . ! '
‘NW
a

L0

¥ _ ' "z ae

FIG. 1. Moduli of the excitation ccefficients |Aﬂ(x) | vs dis~
tance in a wedge with the first mode excited at the entrance to
the wedge. a) f = 25 Hz; b) £ = 65 Hz. The mode orders are in-
dicaﬁed alongside the curves. The solid curves are calculated
according to the parabolic equation method, and the dashed curves
are calculated analytically.

sections in which these functions decay exponenti-
ally, thus ensuring a high degree of orthogonality
in the numerical calculations. The ecalculated values
for the examples discussed below are :

<4-10-%for pn#EmM
Fopn a2 | = | jn.]:n(z)lpm(z)dz =10  for m=m '

where m and n are mode orders.

In order for one or more modes to be excited
in the waveguide, the field in the initial cross sec-
tion is specified with a vertical distribution corre-
sponding to one mode or- a sum of several modes

. .
P 5)= Dy Auexp(ips)9a(z), where Ay and ¢p arve the

excitation coefficient and phase angle of the n-th
mode respectively, and x, is the coordinate of the
initial cross section. .

To test the performance of the algorithm, the
first mode with excitation coefficient equal to unity
was excited at the entrance to a three-mode ‘wave-
guide of constant depth, and then one horizontal
profile and several vertical profiles of the field were
calculated. Upon expansion of the vertical profiles
of the field in eigenfunctions over an entire range,
equal to 200 thicknesses of the waveguide, it was
found that the excitation coefficient of the first
mode remained almost eqgual to unity, while the co-
efficients for the second and third modes did not exceed
0.1, This result indicates that only the first wave-
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guide mode is generated efficiently, and it propa-
gates without any variation of its waveform; the
energy of the other modes does not exceed one
percent of the total energy of the field in this
case. The Fourier transform with respect to the
horizontal profile also yields one maximum in the
wave number spectrum, which corresponds to the
phase velocity of the generated first mode. The
amplitudes of the other modes do not exceed the
side lobes of the principal maximum in this cage.
Thus, itwo independent tests demonstrate the cor-
rectness of the numerical implementation of the pro-
posed procedure.

We use the indicated algorithm to investigate
mode interaction in downslope sound propagation
along a wedge. The problem of -mode interaction
over a sloping bottom is treated extensively in the
literature (see, e.g., Ref. 3), including modeling
by the PE method*:%; on the whole, however, the
problem has not been adequately investigated.

The model of the medium represents an iso-
velocity (c, = 1450 m/s) wedge situated on a fluid
half-space with ¢, = 1650 m/s and slope angle o =
2°; the wedge is bounded on the left and right by
waveguides of constant depth egual to 350 and 1400
m, respectively. A transition layer of thickness
30 m with a linearly varying c~2(z) is situated be-
tween the water and the bottom. The density of
the wedge and the underlying space is 1000 kg/m3,
The cross section in which the selected set of modes
is excited is located in the left waveguide at a dis-
tance L from the start of the wedge (x = 0); L is
varied from 0 to 40 km.

The solid curves in Figs. 1 and 2 represent
the moduli of the excitation coefficients |Ap(x)| of
modes propagating downslope when only the first
mode or only thé second mode with unit amplitude

is excited at the entrance to the wedge (L = ()

at frequencies of 25 and 65 Hz, respectively. We
see that both the first mode and the second mode
propagate with scarcely any interaction at a fre-
quency of 25 Hz (Figs. la and 2a). The pattern
differs sharply at a frequency of 65 Hz (Figs. 1b
and 2b); mode interaction is very strong, and the
initially excited mode contains less energy than the
adjacent modes at the exit from the wedge, i.e.,
at x = 30 km.

These results can be explained, e.g., by ana-
lytical modeling of the mode~interaction process. S
In this method the field. at the entrance to the section
with the sloping bottom is expanded in modes of
the exact solution with phase surfaces in the form
of arcs of a circle centered at the vertex of the
wedge formed by the continuation of the sloping
bottom to the point of intersection with the surface.
These modes propagate over the sloping bottom with-
out interacting, and the field generated by them
at the "exit" from the section with the sloping bot-.
tom decomposes into ordinary plane modes of a con-
stant-depth waveguide. We find in this case that

kak(z)<<2, (1)
where k is the wave number, h(x) is the depth,
and o is the slope angle of the bottom in radians;
each entrant mode efficiently generates only one
mode of the exact solution, so that mode interac-
tion is practically nonexistent during propagation,
i.e., only half the original energy is left in the
entrant mode.

Proceding from this fact, we chose the param-
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FIG. 2. Moduli of "the excitation coefficients

-i Ap(x) i vs distance in a wedge with excitation,
of the second mode at the entrance to the wedge.
a) £ = 25 Hz; b) £ = 65 He. The solid curves are
calculated according to the PE method, and the |
dashed curves are calculated analytically. The
mode orders are indicated aleongside the curves.

gters in the numerical experiments (Figs. ! and
2) in such & way that condition (1) was satisfied
up to X = 15 km at a frequency of 25 Hz (Figs.
1a and 2a) and was satisfied only at the point x =

0 km-at 65 Hz. Although the mode interaction
pattern is complicated by interference beats be-
tween individual modes, it is evident in the simplest
case of excitation of the first mode at the entrance
(Fig. 1a) that a "nonrecoverable" energy loss of
the entrant mode sets in at about 15 km, along with
a corresponding smooth constant growth of the-sec-
ond-mode.amplitude. When the second mode is ex- -
cited (Fig. 2a), energy exchange takes place simul-
taneously with the first and with the third modes.
Consequently, interference effects are more pro-

- nounced, and irreversible dissipation of the entrant
mode energy begins at about 20 km.

Conditions of the type (1) have been obtained
repeatedly by different means in different papers,5» 8
and they differ only in the value of the constant
on the -right-hand side. The results of our cal-
culations of |Ap(x)| by the PE method show that -
the crossover between "almost adiabatic" and "ex-
plicitly nonadiabatic" propagation in the above-.
indicated sense may be a highly conditional boundary
but it does in fact occur in the vicinity .of kh(x)a ~
2. .

The simplicity of the adopted model enables
us to determine the functions Ap(x) for it by the -
analytical modeling method proposed in Ref. 8. The
above model of a wedge with a permeable bottom
is now replaced by a wedge with perfectly compliant
boundaries and a depth h'(x) = h(x) + sh, where
ah = c,c, /4f(c,? ~ e,2)?- %, making it possible to
satisfy the boundary conditions for h(x) to within
O(a;) (Ref. 2). The modeling results are repre-
sented by the dashed curves in Figs. 1 and 2. We

see that the curves. obtained by the different methods

are in good agreement, particularly for the energy-
carrying modes. The agreement of the results ob-
tained by these different methods attests in favor
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FIG. 3. Angles B,(x) vs distance in a wedge. The mode orders

are indicated alongside the curves.
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“orders, depending on the depth,

of both the analytical modeling method® and the
refined wide-angle PE program used here. !

Downslope sound propagation along a wedge
can be interpreted qualitatively on the basis of the
fact that a mode in a homogeneous waveguide can
bhe represented by a superposition of two plane
waves or by systems of parallel rays.

Thus, let us -suppose that the n-th mode is
generated at the entrance to the wedge (x = 0),
corresponding to two systems of parallel rays prop-
agating at the Brillouin angles +By(0) relative to
the horizontal. If .|[Bp(0)| < ¢, such rays will not
interact with the bottom and will not change the
grazing angle. As the depth h(x) increases with
%, the Brillouin angle By = mn/kh(x) corresponding
to the n-th mode in the cross section X decreases,
and the time comes when the system of ‘rays preopa-
gating at the angle By(0) will more nearly corre-
spond to the (n + 1)-st mode, i.e., Bp{0) = Bp+ (%),

Consequently, the same system of rays with
a constant grazing angle will be interpreted in dif-
ferent cross sections of the wedge as sifferent mode
This situation
can be regarded conditionally as the mechanism of
energy transfer from lower to higher modes. It
is evident in Fig. 1b that the excitation coefficients
of the second and third modes at 65 Hz in the case
of excitation of the first mode at the entrahce to
the wedge are close to attaining their maxima at
the abscissas x = 11 km and x = 21 km, where the
line v = B,(0) intersects the curves y = B,(x) and
y = By(x) (Fig. 3), ie., the first-mode energy
is converted into energy of the second and third
modes, respectively. i ’

B {xhden
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FIG. 4. Moduli of the excitation coefficients IAn(x) | at the
exit from a wedge vs length of the planar section L. The mode
orders are indicated alongside the curves.
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If the angle By(0) > o, the grazmg angle
of the system of rays decreases by 2 -upon-hitting
the bottom. Rays with this grazing angle {Bp(0y -
2:1] correspond to the lowest mode, i.e., energy .
is transferred from higher to lower modes. The
excitation ceefficient of all modes except the first
and third (daslied curves in Fig. 2b) vary only
slightly at a distance x z 8 km; we can therefore
assume that energy exchange takes place essenually
between the first and 'third modes, the third giving
up energy and the first aequlmng‘ energy. The
condition By(x). — 2o = —B;(x) is observed in the
neighbor.hood of x = 8 km (see Fig. 3). :

Another important ph_enomenon that has not
been recognized prevzously in the investigation of
the given problem is the fact that when a group
of modes is excited at the entrance to the wedge,
the result of mode interaction at the exit from the
wedge dependsstmngly on -the phases of the modes
at the entrance.

In fact, because of the linearity of the acousti-
cal equatmns, it is readlly shown that if the pres-
sure distribution p,(%) at the entrance to-the wedge
gives the excitation coefficient ;A of the n-th mode
at the exit and if the distribution p,(z) gives the
excitation coefficient zAn, then the distribuation
pl(z) = pi(z) + pz(z)em gives the excitation co-
efficient Ay = ;Ap +; Apel?, and the modulus |Ay, |
varies from |,Ay + 2Anf “to flAn - JAn|, depend-
ing on the phase difference,

In practme, this result implies that when - only
the n-th mode is excited at the entrance to the
wedge under condition (1), adjacent modes will pro-
vide a small (ener, ise) contribution to the field -
at the exit ( iAk+ij<< |Ak[2). On the other hand,
if two adjacent mode:.orders k and k + 1 with com-
parable amplitudes and a phase differdnce ¢ are
excited, the additional centributions from the k-th
to the (k + 1)-st mode and vice versa are summed
with the phase ¢ at the exit from the same wedge,
inducing a major redistribution of energy between
the k-th and (k + 1)-st modes, depending on ¢.

We perform the following numerical experiment
to illustrate this asseriion: We. excite the second
and third modes with amplitudes 1.0 and 0.9, ve-
spectively, at a frequency of 25 Hz in the left
waveguide at a distance L from the start of the
wedge (x = 0). Varmng L from 30 to 40 km, we
obtain a veriation of ¢ by 6r (7(L)-= (£, — £;) L =
SnLe, /(4h2(0)f), where f is the frequency, &pis the
wave number_ of the n-th mode, and h(0) = 350 m. -
Figure 4 shows the excitation coefficients of the first
four modes as & function of L in the cross section
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15 km [condlnon (1) holds up to this cross
seet:lon] The dependence of the excitation coeffi-
cients on L has a periodic behavior, and the vari-
ation of ¢(L) by 6n corresponds to three periods in
Fig. 4; despite the satisfaction of condition (1),
the energy of the third mode varies fourfold.

We infer from the’ foregoing discussion that
the condmon (1) ensures the smaliness of mode
interaction (in energy terms) over a sloping bot-
tom only when a single mode is excited; the exci-
tatlon of a group of modes requires a stmcter condi-
tion, which limits the range of applicability of the
adiabatic approximation in the given problem to the
lowest frequencies. The specific form of this con-
dition - will depend on the accuracy requirements
imposed on the field calculated 1n the adiabatic ap~
proximation. .

- Summarizing the modehng study, the proposed

‘method for the investigation of mode -interaction’

by the PE method holds up under comparison with
the exact solution, opening broad horizons for its
applic'ation in various problem. Its application to
a waveguide with & sloping bottom made it possible
to determine the principal laws of mode interaction
in this case, primarily the strong dependence of -
the results of mode interaction on the phase angles
with which they are incident on the irregular sec-
tion of a waveguide.
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